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Abstract. In this paper we define the p-adic framed braid group Too , n , 
00 ' arising as the inverse limit of the modular framed braids, and we give topo- 

CN . logical generators for f mi „. We also give geometric interpretations for the 

p-adic framed braids. We then construct a p-adic Yokonuma-Hecke alge- 
f^/ t ■ bra Y OC] „(u) as the inverse limit of a family of classical Yokonuma-Hecke 

algebras. These are quotients of the modular framed braid groups over a 

quadratic relation. We also give topological generators for Yoo )n (u). Fi- 
i -^ ' nally, we construct on this new algebra a linear trace that supports the 

C3 ■ Markov property. Paper presented at the 1017 AMS meeting. 
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Introduction 

0.1. Framed knots and links are like classical knots and links but with an in- 
teger, the 'framing', attached to each component. It is well-known that framed 

Lj. ■ links can be used for constructing 3-manifolds using a topological technique 

called surgery [SJ ^] . Then two manifolds are homeomorphic if and only if any 
two framed links in S 3 representing them are related through isotopy moves 
and the Kirby moves (or the equivalent Fenn-Rourke moves) 012] ■ In [0] K.H. 
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Ko and L. Smolinsky give a Markov-type equivalence for framed braids cor- 
responding to homeomorphism classes of 3-manifolds. It would be certainly 
very interesting if one could construct 3-manifold invariants by constructing 
Markov traces on quotient algebras of the framed braid group and using the 
S^ . framed braid equivalence of [Oj. 

In 2.1 we recall the structure of the framed braid group T n = Z n xi B n , 
where B n is the classical braid group on n-strands. By construction, a framed 
braid splits into the 'framing part' and the 'braiding part'. Moreover, T n 
is generated by the elementary braids o\, . . . , a n -i and by the elementary 
framings f\, . . . , f n . We further introduce the modular framed braid group 
Td, n — (Z/<iZ) n x B n , which has the same presentation as jF n , but with the 
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additional relations: 

In [H] the Yokonuma-Hecke algebras (shortened as Y-H algebras), Y^ n (^)> 
were introduced by T. Yokonuma, where u is a fixed non-zero complex number. 
They appeared originally in the representation theory of finite Chevalley groups 
and they are natural generalizations of the classical Iwahori-Hecke algebras, 
see also ^T]. In |3] Markov traces have been constructed by the first author 
for the Y-H algebras of any index. In Section 3 we introduce the Y-H algebra 
as a finite dimensional quotient of the group algebra CjF d n of Td.n over the 
quadratic relations: 

9i = 1 + (1 -u)e d:i (l - g t ), 

where gi is the generator associated to the elementary braid <X; and e^i are 
certain idempotents in CjF dn , see 3.1. In Y d „(w) the relations jf = 1 still 
hold, and they are essential for the existence of the idempotents e^i, because 
e^j is by definition a sum involving all powers of /, and fi+i- In 3.4 we give 
diagrammatic interpretations for the elements e^ as well as for the quadratic 
relation (see Figures 10, 11 and 12). 

For relating to framed links and 3-manifolds we would rather not have the 
restrictions ff = 1 on the framings. An obvious idea would be to consider 
the quotient of the classical framed braid group algebra, CjF n , over the above 
quadratic relations. But then, the elements e^ are not well-defined. Yet, we 
achieve this aim by employing the construction of inverse limits. In 1.1 we 
give some preliminaries on inverse systems and inverse limits and we introduce 
the concept of topological generators. This is a set, whose span is dense in 
the inverse limit (see Definition 1). In the rest of Section 1 we focus on the 
construction of the p-adic integers Z p and their approximations. 

We shall now explain briefly our constructions. Let p be a prime number 
and let C r be the cyclic group of p r elements: C r = Z/j/Z. Then limC r = Z p , 
where the inverse system maps 9 r s : Z/p r Z — > Z/p s Z (r > s) are the natural 
epimorphisms. Z p contains Z = (t) as a dense subgroup. The element t is a 
topological generator for Z p (see subsection 2.2), and a p-adic integer will be 
denoted t<^-, where a =: (a l5 a2, . . •) with a r = a s (modp s ) whenever r > s. 
We consider the inverse system (C™ , n r s ) indexed by N, where the map 7r r s : 
C" — ► C" (r > s) acts componentwise as the natural epimorphism 9 r s . Then 
limC™ = Zp (see Proposition |3J) and Z™ contains Z n = (t l5 . . . ,t n ) as a dense 
subgroup (Lemma |2J). We then consider the inverse system {T p r n , n r s ■ id) 
indexed by N, where the map ir r s ■ id acts on the framing part of a modular 
framed braid as described above, and trivially on the braiding part. So, we 
define the p-adic framed braid group Tao,n (see Definition EJ) as 
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All this is explained in Section 2, subsections 2.2, 2.3 and 2.4. Geometrically, 
a p-adic framed braid is an infinite sequence of modular framed braids with 
the same braiding part and such that the framings of the ith strand in each 
element of the sequence give rise to a p-adic integer. See subsection 2.5 and 
right-hand side of Figure 5 for an illustration. So, a p-adic framed braid can 
be also interpreted as an infinite framed cabling of a braid in B n , such that 
the framings of each infinite cable form a p-adic integer. See Figure 1, where 
(a 1 ,a 2 ,...),(b 1 ,b 2 ,...) e Z p . 

a 1 b, a 2 b 2 a 3 b 3 (a v a 2 , a 3 ,...) (b r b 2 , b 3 ,...) 

U U I 





Figure 1 . A p-adic framed braid as an infinite framed cabling 
In Theorem 1 the natural identification 

J~oo,n — ^ p *l -On 

is established. This identification implies, in particular, that there are no mod- 
ular relations for the framing in !Foo,n- Also, that the classical framed braid 
group T n sits in T^^ as a dense subset. Hence, the set A = {ti, 0"i, . . . , <7 n _i} C 
JF„ is a set of topological generators for .Foo.n (see Theorem 1). The identifica- 
tion ^oo,n — ^p x -Bn is also used in 2.5, where we give geometric interpretations 
of the p-adic framed braids as classical braids with framings p-adic integers. 
See Figure 5. We can say that a p-adic framed braid splits into the 'p-adic 
framing part' and the 'braiding part'. That is, a p-adic framed braid is a word 
of the form: 

Li Ln ... \j^ • (J 

where a±, . . . , a n are the p-adic framings and a G B n . Of course, the closure of 

a p-adic framed braid defines an oriented p-adic framed link, see Figure 2 for 
an example. 



closure 




Figure 2. A p-adic framed braid and a p-adic framed link 
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In 2.6 we give approximations of p-adic framed braids by sequences of classical 
framed braids. See Figure 9 and Figure 10 for examples. 

In 3.5 we define the p-adic Yokonuma-Hecke algebra Y 0Oin (w) as the inverse 
limit of the inverse system (Y p r n {u), (p r s ) of classical Y-H algebras, indexed by 
N (see Definition HI): 

Yoo^O) =limY p r. w (tt). 

The above inverse system is induced by the inverse system (CTy-^, (f> r s ), where 
(fil is the 'linear span' of ir r s ' id a ^ the level of the group algebra, using also our 
definition of the Y-H algebras as finite dimensional quotients of the group al- 
gebras CJ r d,n- Yoo^fw) is an infinite dimensional algebra, in which the framing 
restrictions ff = 1 do not hold. In 3.6, Theorem 3, we give a set of topological 
generators {ti,gi, . . . ,g n -i} for Y 00)n (-u) satisfying the quadratic relations: 

9i = l + (l-u)ei(l-gi), 

where the element e^ is also an idempotent and its approximation involves the 
'framing' generators ti,ti +1 . 

In Section 4 we recall the Markov traces on {J^ =1 Yd,n, constructed in |3|, 
and using these traces we extend the construction to a p-adic Markov trace 
t on U^=i Yoo.n to some inverse limit of polynomial rings. See Theorem 5. 
Finally, in 4.3 we give some computations of the trace r on identity braids 
with p-adic framings, on the elements ei and on gf. 

It is, perhaps, worth noting that, adapting to the case of framed braids 
the cyclotomic and 'generalized' Hecke algebras of type B, used in [7j by the 
second author for constructing Markov traces and link invariants for the solid 
torus, gives rise to some 'framed' Hecke algebras, which are special cases of the 
Y-H algebras. In all the above algebras the quadratic relation is the same as 
in the classical Iwahori-Hecke algebra, so in [2j it was possible to remove the 
modular relation for the framing and construct the generalized B-type Hecke 
algebras, without employing the theory of inverse limits. 

In a sequel paper we combine the p-adic trace r, as well as the Markov traces 
constructed in jl], with the Markov equivalence for p-adic framed braids to 
construct invariants of oriented p-adic framed links. We hope that this new 
concept of p-adic framed braids and p-adic framed links that we propose, as 
well as our p-adic framing invariant will be useful for constructing 3-manifold 
invariants using the theory of braids and the Markov-type equivalence given 
in |E]. 

0.2. As usual we denote by C, Z and N = {1,2,...} the set of complex 
numbers, the integers and the natural numbers respectively. We also denote 
Z/<iZ the additive group of integers modulo d. Throughout the paper we fix 
a prime number p and a u in C\{0}. Finally, whenever two elements a, b are 

identified we shall write a = b. 
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0.3. Let H be a group and let H n = H x • • • x H (n-times). The sym- 
metric group S n of the permutations of the set {1,2, . . . ,n} acts on H n by 
permutation, that is: 

a ■ (hi, . . . , h n ) = (h a{ i), . . . , h ff (n)) V a E S n . 

We define on the set H n x S n the operation: 

(h,a)-(ti,r) = (ha(h'),ar). 

Then, the set H n x S n with the above operation is a group, called the wreath 
product of H and S n , denoted by H I S n . Recall that H I S n = H n x S n . 

1. Inverse Limits and p-adic Integers 

1.1. An inverse system (Xj,0*) of topological spaces indexed by a directed 
set /, consists of a family (Xj ; i E I) of topological spaces and a family 
(0* : Xi — > Xj ; i,jEl, i > j) of continuous maps, such that 

(j)\ = idx, and <p J k o 0* = (fi l k whenever i > j > k. 

Sets with no other topology specified are regarded as topological spaces with 
the discrete topology. In particular, finite sets are compact Hausdorff spaces. 
If each Xi is a topological group the continuous maps 0*- are required to be 
also homomorphisms. Inverse systems of topological rings, topological vector 
spaces, topological algebras, et cetera are defined analogously. 

The inverse limit limXj of the inverse system (Xj,0*) is defined to be the 
following subset of the cartesian product n^«- 

limXj := {z E 1 [ Xj ; (0* o Wi)(z) = Wj(z) whenever j > i}, 

where the map Wi denotes the natural projection of FJ Xj onto Xj. It turns out 
that lim Xj is uniquely defined, and it is non-empty if each Xj is a non-empty 
compact Hausdorff space. If the Xj's are topological groups then limXj is a 
topological group with operation induced in FJ Xj componentwise by the group 
operations. Moreover, in this case, limXj is always non-empty. Similar facts 
are true for topological rings, topological vector spaces, topological algebras, 
et cetera. We also note that, if Xj = X for all % and </>*• is the identity for 
all i,j then limX can be identified naturally with X (identifying a constant 
sequence (x, x, . . .) with x E X). 

As a topological space, FJ Xi is endowed with the product topology, so lim Xj 
inherits the induced topology. It can be then verified that limXj is closed in 
FjXj. A basis of open sets in limXj contains elements of the form 

^- 1 (C/j)nHmXj, 
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where Ui open in Xj. Then, any open set in limX, is a union of sets of the 
form 



(l.i) 07^(^1) n • • • n w- n \u n ) n iimi„ 

where i\, . . . ,i n £ I and U r open in X ir for each r. (Compare with (9;, p. 7.) 

A morphism between two inverse systems (Xj, </>*■) and (Yi, ip)), both indexed 
by the same directed set I, is a collection of continuous maps 

{pi-.Xi — > Yi ; i £ /) 

such that ?/>!■ o pj = p^ o 0*., for all i £ I. If, moreover, the inverse systems 
are topological groups then the maps pi must be also group homomorphisms. 
The definition is analogous if the inverse systems considered are topological 
rings, et cetera. A morphism/group homomorphism (pi ; i £ I) from the in- 
verse system (Xj, 0* ) to the inverse system (Yi, ipj) induces a morphism/group 
homomorphism between the inverse limits: 

limpj : limXj — > limYi 

by setting 

lim pi ((ap) := (pi(xi)). 

If we have embeddings t$ from Xj into Fj, these induce a natural embedding 
linii r : limXj — > limYj. Moreover, if the following sequence 

> Xi —!*-> Yi — ^-> Z, ► 

is exact for any i, then the sequence 

, > limt r lim</3 r 

U-^J > limXj — — > limYi — — > limZj 

is exact (see [U E] ) • 

Let now J be a cofinal subset of the index set / (that is, for every i £ I there 
is a j £ J with j > z). Then J gives rise to the same inverse limit, that is, 

lim Xi = lim X,-. Finally, let X and K be the inverse limits of the inverse 

< — iel % < — jeJ ■> J ' 

systems (Xj,0^ ; i £ I) and {Yj,ijj J m ; j £ J), respectively. Then we have 
(1.3) X x Y = lim(X x F) = lim (X x Y}). 

The bijection between 1x7 and lim .,(Xj x Yi) identifies pairs of sequences 

((xi), (yi)) £ X x Y with the sequence (xj, yi) £ lim (X, x Yi), and it becomes 

an isomorphism when Xi,Yi are groups, rings, et cetera. Note here that the 
diagonal subset is a cofinal subset of I x I. Clearly, the above generalize to 
any finite cartesian product of inverse limits. 
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1.2. Our working example for the notion of inverse limit will be the con- 
struction of the p-adic integers. Let p be a prime number, which will be fixed 
throughout the paper, and let Z/j/Z be the additive group of integers modulo 
p l . For any r,s G N with r > s we consider the following natural epimorphisms: 

e: : Z/p'Z — Z/p»Z 

{ } k + p r Z ^ £; + p s Z 

More precisely, an element a r G Z/j/Z can be written uniquely in the form 

a r = k + kip+k 2 p 2 + - ■ ■ + k r _ip r ~ 1 +p r Z, where k , . . . , fc r _i G {0, 1, . . . ,p— 1}. 

Then, for r > s: 

^(fco + fciP + fc2P 2 + --- + A; r -ip r ~ 1 +p r Z) = /co + fc 1 p + /c 2 p 2 + --- + ^-i^ 1 +P s Z 

("cutting out" r — s terms). We obtain, thus, the inverse system {Z/p r Z ) r s ) 
of topological groups, indexed by N. Its inverse limit, limZ/p r Z, is the group 
of p-adic integers, denoted Z p . Clearly, an entry a r G Z/p r Z of an element 
(a r ) G Z p can be identified with 



'1.5) a r = k + k x p + k 2 p 2 H h fe r _ip 



r-i 



where fc , . . . , fc r _! G {0, 1, . . . ,p — 1}. Thus, Z p can be identified with the set 
of power series: 



oc 



(1.6) Z p = {J2 bnP n ; b n G N, < b n < p}. 

n=0 

Equivalently, Z p can be identified with the set of sequences: 

(1.7) Z p = {(o r ) ; a r G Z, a r = a s (modp s ) whenever r > s}. 
Elements in Z p shall be usually denoted as 

(1.8) a_ := (01,02,03,...) G Z p 

Zp is a subgroup of f| Z/p r Z with operation inherited by the componentwise 
(additive) operation of \\ Z/p r Z. Z p is non-cyclic and it contains no elements 
of finite order. Each Z/p r Z is finite, making Z p profinite (see jH], [T3]). 

1.3. Contrary to embeddings between inverse systems, if each component 
Pi : X,i — ► Yi of a morphism between two inverse systems is onto, the induced 
map limpj between the inverse limits is not necessarily onto. 

For example, consider the inverse systems (Z, id) and (Z/p r Z, 9 r s ), both in- 
dexed by N, and for each s G N define the canonical epimorphism 

(1.9) p s : Z — ► Z/p s Z 
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To see p s concretely, let a G Z. Then a can be written uniquely in the form 
a = k + kip + • ■ ■ + kip\ for some i G N, where k , . . . ,ki G {0, 1, . . . ,p — 1}. 

So, 

p s (a) = fco + kip + ■ • ■ + kip 1 for z < r 

p s (a) = A; + fcip + • • ■ + K-tp 8 - 1 = 6i +1 {a + p m Z) for i > s 

Then (p s ; s G N) is a homomorphism between the two inverse systems. The 
first inverse limit is isomorphic to Z (identify (z,z, . . .) G limZ with z G Z), 
while the second is the set of p-adic integers Z p . Note that the image of limZ 
in Z p under limp,, consists in all constant tuples of integers (or, according to 
the notation of (|1.6|) . it consists in the finite power series). On the other hand, 
the tuple (b r ), such that b r = 1 + p + ■ ■ ■ + p r_1 is in Z p but is not constant. 

Yet, we have the following very important result. 

Lemma 1. (Lemma 1.1.7. in jHj) Let (Xi, 0!-) be an inverse system of topo- 
logical spaces indexed by a directed set I and let pi : X — ► Xi be compatible 
surjections from a topological space X onto the spaces Xi (i G I). Then, either 
lim Xi = or the induced mapping p = lim pi : lim X — > lim Xi maps lim X 
onto a dense subset of lim Xi. 

Proof. For the proof of Lemma 1 consider a non-empty open set V in lim Xi of 
the form (jl.lj) . We have to show that p(X) fl V ^ 0. Indeed, let i > ii, . . . ,i n 
and let y = (%) G V. Choose iGlso that Pi (x) = y io . Then p(a;) G V. □ 

For example, let p» denote the restriction of the canonical projection of limXj 
onto Xi on a subset A C limXj. Recall that lim A can be identified with A. 
Then we have the following. 

Corollary 1. If for a subset A C limXj we have Pi(A) = Xi for all i & I, 
then p(limA) is dense in limXj, where p = limpj. 

Since Z projects onto each factor Z/p r Z via the canonical epimorphism (jl.9|) . 
we obtain the following, as an application of Corollary ^ 

Corollary 2. Z is dense in Z p . 

This means that every p-adic integer can be approximated by a sequence of 
constant sequences. In 1.4 we study further this approximation. 

Definition 1. (cf. § 2.4 in ^9j) Let Gi be a group (ring, algebra, et cetera) 
for all i G /. A subset S C limGj is a set of topological generators of limGj if 
the span (S) is dense in limGj. If, moreover, 5* is finite, limGj is said to be 

finitely generated. 

For example, the element (1, 1, . . .) is a topological generator of Z p , since, 
by Corollary |21 the cyclic subgroup ((l,l,...)) = Zis dense in Z p . 
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1.4. Let us now take a closer look at the p-adic integers. Seen as a tuple of 
integers, an element of Z p may have many disguises. For example: 

(1, p+1, p 2 +p+l, o 4 , o 5 ,...) = (p 2 +p + l, p 2 +p + l, p 2 +p + l, a 4 , a 5 ,...), 

since p + l=p 2 +p + l (modp 2 ) and 1 = p 2 + p + 1 (modp). From (jl.7|) and 
from the form ()1.5|) of an entry a r G Z/p r Z of an element (a r ) G Z p , it follows 
that for the (n + l)st entry there are p choices, namely: 

(1.10) a r+1 G {a r + Xp r ; A = 0, 1, . . . ,p- 1}. 

On the contrary, there is no choice for the entries before, as a s = a r (modp ,s ) 
for all s = 1 , . . . , n — 1 . 

On the level of basic open sets the logic is similar: As a topological space, 
Z p is endowed with the induced topology of rj(Z/p r Z), which builds up from 
the discrete topology of each factor Z/p r Z. Thus, a basic open set in Z p is of 
the form \w^ (C/j) ; U{ C Z/p l Z}, where ccj, is the restriction of the natural 
projection of Z p onto Z/p*Z. So, we have for example: 

^({l}) = ({1} x z/p 2 Zx z/p 3 Zx ■■•jnZp 

= {(1,02,03,04,. • •) E Z p } 

ro 2 _1 ({p + 1}) = (z/pZ x {p + 1} x z/p 3 z x ■ ■ ■ ) n Zp 
= {(1, p + i, 03,04, ...) e Zp} 

^({p 2 +p+l}) = {(l,p+l,p 2 +p + l, 04,...) EZp}, 

where the a^'s are subject to the conditions (jl.lOj) . For [/, not a singleton, 
m~[ l {Ui) is the union of the sets ^^({w}), for all u G C/j. In the above 
example note that 

^W + p + 1}) s; ^ 2 _1 ({p + 1}) s ^({1}). 

In general, for any given element a = (01,02, ■ ■ ■) G Z p we have that a G 
^i" ({°»}) f° r a ^ *■ Moreover, 

^r 1 ({°i}) = {( a i, x 2, %3, £4, • • •) ; x 2 = Oi (modp), x n = x m (modp m ), n > m} 
^^({oa}) = {( a i> a 2, 2/3, 2/4, • • •) ; V2 = a 2 (modp 2 ), y n = y m (modp m ), n > m} 



As we can see, w l 1 ({oi}) D w 2 ({02}) 2 ' ' * ■ 

This implies, in particular, that for any k G Z the constant sequence 
(k,k,...) G Zp is contained in infinitely many open sets, each set being a 
refinement of the previous one. Recall now, from Corollary |2J that the set of 
constant sequences is dense in Z p . From the above, for every element a G Z p 
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we can construct an appproximating sequence of constant sequences in Z p . For 
example, the sequence referred to in 1.3: 

(1.11) b_ = (l, 1+p, 1+p + p 2 , ...) 

can be approximated in Z p by the following sequence of constant sequences: 

(1,1,1,...) ezu?{{l}) 

(1+p, 1 + p, 1 + p, ...) euj 2 \{l+ P }) 

(1 + p + p 2 , 1 + p + p 2 , 1 + p + p 2 , . . .) g ^({l +p + p 2 }) 



Indeed, (b n ) G vol l ({bi\) for all i. Also, from the observation in the beginning 
of the subsection, the above constant sequences have the same first entry, equal 
to b\. Likewise, all sequences from the second one have the same second entry, 
equal to 62, and so on. Finally, zu^ 1 ^!}) ~D £^2" ({1 +P}) 2 " " " ■ 

In general, the element a = (01,02,03, . . .) G Z p can be approximated by 
the following sequence of constant sequences: 

(01,01,0!,...) G zu^ l ({ai}) 



;i.l2) 



(01, o 2 , o 2 , o 2 , • • •) = (°2, a 2 , o 2 , . . .) Gro 2 1 ({o 2 }) 
(oi, a 2 , o 3 , o 3 , . . •) = (03, 03, a 3 , . . .) G ^^({os}) 



since a r = ai(modp), for r > 1, a r = a2(modp 2 ), for r > 2, and so on. 
Indeed, (01, 02, 03, . . .) and (oj, a,, Oj, . . .) = (01, 02, ... , Oj_i, Oj, Oj, . . .) are both 
in GJ^doj}) for all i. Finally, ccf 1 ({ai}) D w^ 1 ^^}) 2 ' ' ' ? justifying the 
approximation claim. We shall write: 

(1.13) o = lim(afc). 

i k 

For more details and further reading on inverse limits and the p-adic integers 
see, for example, EH H3] • 



2. p-ADIC FRAMED BRAIDS 

The aim of this section is to introduce the notion of p-adic framed braids. 
These are similar to the classical framed braids but, instead of integral framing, 
each strand may be coloured with any p-adic integer. 
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2.1. Before starting with our construction we need to digress briefly and recall 
the definition and the structure of the classical framed braid group and the 
modular framed braid group. 

We consider the group Z n with the usual operation: 

(2.1) (oi, . . . , a„)(&:L, ...,&„):= (oi + b 1 ,...,a n + b n ). 
Z n is generated by the 'elementary framings': 

/,:=(0,...,0,1,0,...,0) 

with 1 in the ith position. Then, for example, /™ = (0, . . . , 0, m, 0, . . . , 0) 

and fifj = (0, . . . , 0, 1, 0, . . . , 0, 1, 0, . . . , 0), with 1 in the i,j positions, and an 
element a = (ai, . . . , a n ) G Z n can be expressed as: 

_ xai fO.2 ra n 

a — Jl J2 " ' in ■ 

Let also B n be the classical braid group on n strands. B n is generated by the 
elementary braids a±, . . . , <7 n _i, where a, is the positive crossing between the 
ith and the (i + l)st strand. The <Tj's satisfy the well-known braid relations: 
Oi<Jj = <Jj(Ji, if \i — j\ > 1 and CjCTj+icrj = (Tj+iCTiCrj+i. Recall the symmetric 
group S'n, generated by the n — 1 elementary transpositions s« := (i, i + 1), 
and let further 7r be the natural projection of B n on S n . We let a(j) denote 
ir(a)(j) for any j — 1, 2, . . . , n. In particular, (Ji{j) = Si(J). Using 7r we define 
the framed braid group T n (see 0.3) as: 

T n = Z \B n = IT x B n , 

where the action of B n on a — (ai, . . . , a n ) G Z n is given by permutation of 
the indices: 

(2.2) a(a) = (a a (i), • • • , a„( n )) (a G B n ). 

In the above notation, the action of B n on Z™ is given by the multiplicative 
formula: 

<7(/r/ 2 a2 • • • r n n ) = fl° m f2° (2) ■ ■ ■ fn {n) (a 6 B n ). 

Any word in jF n splits, by construction, into the 'framing' part and the 
'braiding' part. That is, it can be written in the form 

(2.3) A fel / 2 te • • • f k n - ■ a, where h G Z, a G B n . 

The multiplication in T n is defined using the action of B n on Z™ as follows: 

(2.4) (/r/f • • • / n a " • a)(/ 1 b 7 2 b2 • • • fc -r) := tf +b ^ff +b ^ . . . f?; +b ^ . aT . 

Geometrically, an element of T n is a classical braid on n strands, with each 
strand decorated on the top by an integer, its framing. An element of Z n , 
when this is seen as a subgroup of JF„, is identified with the identity braid 
on n strands, each strand being decorated by the corresponding integer of 
the element. For example, the element j\ is the identity braid on n strands 
with framing 1 on the ith strand and elsewhere, while fi ai is the identity 
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braid on n strands with framing o» on the ith strand and elsewhere. See 
Figure 3 for illustrations. On the other hand, a braid in B n , when this is 
seen as a subgroup of JF„, is meant as a framed braid with all framings 0. 
Geometrically, the multiplication in the group T n is the usual concatenation 
in B n together with collecting the total framing of each strand to the top of 
the final braid. See Figure 4 for an illustration. 



o 10 o 



a i a j o 



a i a i 



i th strand 



i th strand 



Figure 3. Geometric interpretation for /$ and f^fj 3 



i th strand 




i, a 2 + b 1 
a 1 +b 3 i i , a 3 +b 2 




Figure 4. Multiplication of framed braids 



Definition 2. The d-modular (or simply modular) framed braid group on n 
strands is defined as Td, n '■= Z/<iZ I B n = (Z/dZ) n xi B n . 

The group T& , n can be considered as the quotient of T n by imposing the rela- 
tions 

fi d = l, (i = l,...,n). 

Clearly, T&, n has the same geometric interpretation as JF„, only that the fram- 
ings of the n strands are taken from the cyclic group Z/dZ. Note now that in 
T n or in T^ n the /j's can be deduced from f\, setting for example: 

fi := CTj_i . . . (Ti/iCrf : . . . cr". 1 ! 

Then we have the following. 
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Proposition 1. T n has a reduced presentation with generators f±,ai, . . . , a n _i 
and relations: 

f l0j = o-jfi for j > 1 

fiO'ifiO'i 1 = o-xh°\ X J\ 
ai{pi-\ ■ ■ ■ o-i/icrf 1 ■ ■ • o^K 7 " 1 = ^{Pi-i ■ ■ ■ °~ifiVi l ■ ■ ■ ol-ijVi f or all i 
and the usual braid relations among the o~i 's. 

Proposition 2. Td,n has the same reduced presentation as T n , but with the 
extra relation ff = 1. 

2.2. In order to define the p-adic framed braids we would rather pass to 
multiplicative notation for Z/p r Z. Let C r denote the multiplicative cyclic 
group of order p r , generated by the element t r . That is, 

G r := \t r ; t r = 1). 

Then r Ljp Tr L = C r . The maps (J1-4J1 of the inverse system (C r ,8 r s ) are now 
defined by: 

Or . (~i , (~i 

(2-5) "'■ ^ ~ 7 

whenever r > s. In this notation: 0j;(t*o+fcip+-+fcr-ii» p - 1 ) = t k +k lP +-+k s - lP °-\ 
We have: 

Z p = limCj. 

and we can write: 

Z p = {(t" 1 ,^ 2 , • • •) G T T Ci ; a r G Z, a r = a s (modp s ) whenever r > s}. 
For example, for b = (1, 1 + p, 1 + p + p 2 , . . .) in (jl.llj) we write: 

(2.6) ( tl ,tl +p ,tl +p+p \...). 
The element 

(2.7) t := (£i,£ 2 , ...) elimCV 

corresponds to (1, 1, . . .) in the additive notation, so it generates in limC r the 
constant sequences. We shall use the notation Z = (t). By Corollary El Z 
is dense in limC r and t is a topological generator of limC r , so an element 
(tl 1 ,^ 2 , . . .) € Z p can be approximated by the sequence (t ai ) of elements in Z. 
Following the notation of (jl.8|) we shall write: 

(2.8) t£ := {tl\t a 2 \ . . .) = lim(t afc ). 

For example, the element t<- in (|2.6|) can be approximated by the sequence 

(t, t 1+ P, t l+ P + P\ ...): 

(2.9) tl = (ti, 4 +p , tl +p+p \ ...) = lim(t 1+p+ - +pfe ). 
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With the above notation and according to 1.2, if t<- = (ti,t 2 2 , . . .) is another 
element in Z p , the multiplication in Z p is defined as follows: 

(2.10) t£t£ :=t<^ = (^ 1+6l ,^ 2+b2 ,...) 
and we have the approximation: 

(2.11) t"t- = lim(t afc+bfe ). 

k 

2.3. Consider now the direct product C™ := C r x • • • x C r (n-times). This 
is an abelian group with the usual product operation defined componentwise, 
generated by the n elements 

(2.12) t rii :=(l,...,l,t r ,l,...,l) 

where t r is in the ith position and where 1 is the unit element in C r . In this 
notation: 

/oio\ (+ m l + m 2 +m n \ _ f mi + m,2 +m n ■ /nn 

y^.id) yi r , L r , . . . , v r j — b rl ■ i r 2 • • • v rn in o r . 

Moreover, C™ has the presentation: 

^/.14J (_y r \"r,lj ■ ■ ■ i"r,n i ^r,i^r,j ^r,j^r,i anfl Z r j yL, . . . , i-)/- 

Using the maps ()2.5|) of the inverse system (C r , r s ) and f)2.13j) we define com- 
ponentwise the maps: 

<: C? — > C- 

whenever r > s. Then: 

(n -i r\ nr r (+ m ^ + m 2 +m„\ _ ,mi(modp s ) ,m 2 (modp s ) y.m„(modp s ) 

l z " ±,J / ' l sV t 'r,l " ^,2 " ' ' l r,n) ~ S,l s,2 L s,n 

The maps 7r£ are obviously group epimorphisms, so (C™, 7r£) is an inverse sys- 
tem of topological groups, indexed by N, and so the inverse limit limC™ exists. 

Proposition 3. limC™ S (limC r ) n = Z£. 

Proof. It follows immediately from (|1.3|) . D 

Notice now that an element w G lim C™ can be written as: 



O-2-n 
, b 2 



„., fY+ a H + a 12 4.ain\ (+ a 2\ 4-0-22 J. 

LU — yyti , l-y , . . . , l-y ji \yi , L 2 1 ■ ■ ■ 1 l 

= (Ci 1 C 2 2 • • • C- 1™ *g ■ ■ ■ c> ■ • •) ( b y <GH) 

= (Ci'^i, • • •) • (*$,*$, •••)••■ {tx,uA% ■ ■ ■) (by product operation) 

(j-O-rl J-QV2 j.a rn \ 

~ \ L r,l L r,2 ' ' ' L r,n )r- 

An explicit isomorphism beteween limC™ and Z p is then given by the map: 

w .-> ((tr, tr,. . .), (tr, tr, ■■■),■■■, (tr, tr,- ■ •)) 
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Thus, we have the identification 
(2.16) 

fj-Orl j-0.,-2 j.a rn \ _j_ / / _,an .021 \ /j.ai2 j.a22 \ /j-iin j-0,2n \\ 

[L rl L r2 ■ ■ ■ rn ) r — \{0i , i 2 ) • • ■)■> V^l ) L 2 ) ■ ■ -J; ■ ■ ■ ; \ L 1 i l 2 i • • ■)) 

In particular, the following elements get identified, for % — 1, . . . , n: 
limQ 3 (t r>i ) r = ((1, 1, ...),-■■ , (*i, t 2 , ...),..■ , (1, 1, ■ ■ ■)) e (limC r ) n , 



where the sequence (ti, t 2 , • • •) is in the ith position. Set now 1 := (1, 1, . . .) 
and t = (ti, t 2 , . . .) (recall (J2.7J0 in limC r and denote: 

(2.17) t 4 :=(l,...,l,t,l,...,l)e(limCV) n 
where t is in the zth position. Then we have the identifications: 

(2.18) limC; 3 (t rii ) r = t, 6 Z p " 

Thus, with the above notation and with the notation of ()2.8|) we can rewrite 
the identification ()2.1fi|) as follows, for a,i = (a r j) r : 

(2.19) 

lim c? 3 w = (c- e 2 2 • • • t a ™)r = (t a ^, ts, . . . , t a ^) = tft? -tret 



Lemma 2. The identification in limC™ of the set X = {ti, . . . ,t n } C Z™ is 
a set o/ topological generators of limC™. Equivalently, the identification in 
limC™ of the subgroup Z n = (X) of Til is dense in limC". 

Proof. By Corollary Eland by Definition^ (tj) is clearly dense in the ith factor 
({1} x • • ■ x {1} xZpX {1} x ■ ■ • x {1}) of Z" The result now follows from 
Corollary |21 and the identification (|2.19|) . D 

For example, by (J2.17J) and (|2.18jl . and by the approximation (|2.8jl . we have 
the approximation of (£" r j) r G limC": 



(2.20) (i£) r = t^ = lirn(t, afc ) = lim[(£ 



In general, for an element in Z" we have by (J2.19J) . (J2.8J) and (|2.2(J|) the following 
approximation, where Oj = (a r i) r : 



1fc2 + a fcn N 



Ul U2 Lin 

(2.21) Z£ 9 tftr • • "tr = lim(tJ M t£ M • --C") = lim(t afel ,t 

Consequently, for the product of two elements in Z™ by (j2.11|) the following 
approximation, where 6j = (b r i) r : 

(2.22) (tr • • • tr) (tr • • • t^T) = lim(t^ 1+fefcl • • • t^" +6fc "). 
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Hence, for the element in limC™ w = (t^t^ •" K r ,n)r = t^t£~---tr we 
obtain, by fl2HHJ), (l2~2"TH) and (|OTJ), the approximation: 

(2.23) limC? 3 (ffi t% ■ ■ -t a ™) r = lim[(^ t a r f ■ • -t^) r ] 

and for the product of two elements in lim C™ we have the approximation: 

(2.24) (t% ■ ..1%) r (tj ■ ■ •*£), = lim[(t^ +fe " ■ ..^Hl- 

k 

2.4. p-adic framed braids. In order to introduce the inverse limits in the con- 
struction of framed braids we need to start the construction from the beginning. 
Consider the cartesian product C™ x B n . Using the maps (|2.15jl . define for any 
r, s G N with r > s the surjective maps: 

icy r>r\ 7T S x id : C r X ±5 n C s X B n 

\ Z - Z0 ) (fOrl f0. r 2 . . . fa rn -\ l _. (j.a s i f a s2 f a sn n \ 

\ L r,l L r,2 h r,ni °) ^* \ L s,l L s,2 L s,m u ) 

for any a G B n and for any exponents satisfying a„ = a s « (modp s ). Then we 
have the following. 

Proposition 4. (C™ x £?„, 7r£ x id) is an inverse system of topological spaces, 
indexed by N and we /iat> e: 

lim(C r n x B n ) =* limC r n xB„^ Z£ x B n . 

Moreover, the identification in\im(C™xB n ) ofL n xB n is dense inlim(C™xB n ) 
and Z n x B n is dense in Z™ x B n . 

Proof. Since the maps ttI are maps of the inverse system (C",7r£), it follows 
immediately that (C™ xB„, 7r£ • id) is an inverse system of topological spaces. 
An element in lim(Cy x B n ) is a sequence of the form ((u>i,cr), (w7 2 ,c>"), . . .), 
where a E B n and where Wi G C™, u> 2 G C^, . . ., such that Ttg(w r ) = w s when- 
ever r > s. Identifying it with the pair of sequences ((wi, w 2 , ■ ■ •), (cr, a, . . .)) G 
limC™ x limS n , where limi? n arises as the inverse limit of the trivial inverse 
system (B n ,id), induces the bijection between lim(C™ x B n ) and limC™ x B n : 

(2.26) 

lim(C" x B n ) 3 ((wi,a), {w 2 ,a), ■■■) = ((wi,w 2 , ■ ■ ■), cr) G limC r " x B n , 

where the natural identification between limi?„ and B n is induced by the 
identification (a, a, . . .) = cr. So the assertion lim(C™ x B n ) = limC™ x B n is 
proved. Moreover, by (12~TT)J) . limC™ x B n = zfx B n . 

By Lemma|21 and by Corollary|2J the identification of Z n = (t l5 t 2 , . . . , t n ) in 
limC™ projects surjectively on each factor C™ of the inverse system (C™, 7r£). 
Extending the projection by the identity map on _B n implies that the identifi- 
cation of Z n x 5 n projects surjectively on each factor C" x B„ of the inverse 
system (C™ x S n , 7r£ x id). Hence, by CorollaryHl the identification of Z n x B n 
is dense in lim(C™ x B n ). □ 
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Consider now the action of the group B n on the group C™ by permutation, 
as defined in 12.21 For the case d = p r and with the above notation, we have 
that C" x B n = J- p r >n , the modular framed braid group with the operation 
(12. 4j) (in additive notation). 

Remark 1. The generator f] of T v r n (Proposition^ in the additive notation 
corresponds to the generator t r> i of C". The generators of C" x B„ = .7y> 
are the n elementary framings t r> x, . . . ,t rjTl and the n — 1 elementary braids 

0"l; • • • ; OYl-l- 

Further, use the maps (|2.25jl of the inverse system (C™ x £> n , 7r£ x id) to define: 

71 g • 1Q . ■Jp r ,n J~p B ,n 

(2.27) (t r>i , id) i-» (t a>i , id), 

((1,...,1), <Ji) ^ ((1,...,1), <Ti), 

whenever r > s. 

Lemma 3. (J 7 p r tn , ii r s ■ id) is an inverse system of topological groups, indexed 
by N. 

Proof. On the level of the sets C™ x B n , the map 7i r s ■ id is n r s x id- We shall show 
that 7X r s 'id is a g rou P homomorphism. Indeed, let (x,a), (y,r) G C™ x B n . 
Then we have: 

«-id)[(x,a),(y,r)] = « ■ id)(xa(y), or) = (<K r s (xa(y)) } or) m = 

= «(^)<(^(y)) ; ^) " 0a =° ! ' (7ll(x)0-(7ll(y)),(TT) 

= «(x),a) • «(y)r) = « • id)(x,a) • « • id)(y,r). 
Hence, [T v r^ n , n r s ■ id) is an inverse system of topological groups. □ 

Definition 3. The p-adic framed braid group on n strands !Foo,n is defined to 
be the inverse limit of the inverse system (Fpr^, n r s ■ id), that is: 

F^n := lim.7v-, n = lim(C r n x B n ). 

Elements of J-oo,n shall be denoted (3 . 

Theorem 1. There are group isomorphisms: 

F^ n 91 Z% x B n 9i Km C? x B n . 

Moreover, T n is dense in Z™ x B n and the identification in Too,n of T n = 
Z n xi B n is dense in !Foo,n- Finally, the identification in Toq^ of the set A = 
{ti, o~i, . . . , cr n _i} C T n is a set of topological generators of Tqq^. 

Proof. The second isomorphism is clear from Proposition El We will prove the 
first one. On the right hand side B n acts on Z™ by permutation, that is, a 



18 J. JUYUMAYA AND S. LAMBROPOULOU 

o E B n permutes accordingly the positions of an n-tuple of p-adic integers. 
We consider the bijection: 

a : Too^n — ► Z™ xi B n 

defined by combining ()2.26|) and (J2.16J) . More precisely: 

((Wi,a), (W 2 ,cr), ...) A ([(w n , W 21 , . ..), Oi2,W 2 2, •••)>•••> i w ln,W2n, •• •)]> °") 

where uv = (uvi, w r2 , ■ ■ ■ , w rn ) E C™. 

Claim: a is a group homomorphism. Indeed, let x = ((tfi, cr), (w 2 , a), . . .) and 
y = ((//i, r), (/i 2 , r), . . .) G .Foo.n, where /i r = (// r i, // r2 , ..., ix rn ) e C". Then: 

xy = ((w ll a), (w 2 ,a), . . .) • (Oi,r), (/i 2 ,r), . . .) 
= ((wi, cr)(/^i, r), (iw 2 , cr)(/i 2 , r), . . .) 
= ((twi cr(jii), ar), (w 2 cr(fi 2 ), err),.. .) 

= ([(wnHltrQ), ■ ■ ■ , WlnA*l<r(fi)), Ct], [(^ 2 i/i 2CT (i), . . . , W 2n fJ'2<T(n)), Or], . . .)■ 

Hence, 

«(^) = ([(WlDUl <T (l),ty 2 l)U2 ( T(l), •••)>•••) ( W lnHla(n),W 2n fl 2a ( n ), . . .)],(Tt). 

On the other hand: 
a(z) a(y) = ([(twn, •••)>•••> ( w i™> •••)]> CT ) ' ([(^11, •••)>•••> G"m, •••)]> r ) 

= ([(Wll, ■■■)>•••> ( W l™> • • •)] ^([0*11, ■■■)>■■■> fan, ■ ■ ■)], ° r ) 
= {[{Wll, ■■■),■■■, (Win, ■ ■ •)] [{H<t(1), ■■■))•••; (/*l(x(n), • • ■)], Crr) 

= ([(tWn, . . .) (^l ff (i), •••)>•••> (win, • • •) (fiia{ n ), ■ ■ ■)}, err) 

= ([(ttfllAJl<T(l), •••)>•••> ( w ln/il CT (n), • • •)]> °" T ) = a (^)" 

Further, Z n x _B„ is identical as set to Z n x B n . By Proposition HJ Z™ x B n is 
dense in Z™ x i?„, which in turn is identical as set to Z™ x B n . With similar 
reasoning the identification in Too,n of T n = Z n x £>„ is dense in Too, n - 

For the last statement of Theorem 1, we only need to observe that the 
generators (J2.17J1 of Z n are the multiplicative versions of the generators /, of 
T n given in 2.1. Therefore, the span (A) is isomorphic to the classical framed 
braid group T n . So, the identification of A in Too ,n is a set of topological 
generators for T^^. □ 

Remark 2. JTie fact that Z p and S n contain no elements of finite order imply 
that Too^n = Z™ x B n contains neither element of finite order. In particular, 
the modular relations for the framing are not valid in T a 
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2.5. Geometric interpretations. By Definition El a p-adic framed braid is an 
infinite sequence of the same braid a G B n , such that the rth braid of the 
sequence gets framed in the modular framed braid group T v r >n (recall Defi- 
nition |2J) with the framings (a r i,a r 2, ■ ■ ■ ,a rn ) G (Z/Z p r)™, where a t = (a r i) r . 

In Figure 1 we showed how to interpret a p-adic framed braid as an infinite 
framed cabling of a braid a G B n . Moreover, by the isomorphism in Theorem 
1, a p-adic framed braid can be identified with the element: 



(2.281 



0,1 a? 

t 1 t 2 



a 6Z!x B„ 



that is, the braid o G B n with each strand decorated with a p-adic integer. 
See Figure 5. 




a 11 a 12 a 13 




a 21 a 22 a 23 




Figure 5. A p-adic framed braid 

a,i 02 a„ 

In particular, the element t^tjr • • • tJr G Z™ can be viewed as the identity 
braid in B n , having the p-adic framing a^ on the ith strand, see Figure 6. 



Figure 6. A p-adic identity framed braid 



Remark 3. As with classical framed braids (|2.3|) . by Theorem 1 and by (|2.28|) 
a p-adic framed braid splits into the 'p-adic framing' part and the 'braiding' 
part. 

The operation in .Too^ corresponds geometrically to concatenating in each 
position of the infinite sequence the two corresponding modular framed braids 
and collecting the total modular framings to the top (recall 2.1, (|2.1j) and 
Figure 4). See Figure 7. 
On the other hand, by ()2.10|) and 0.3 the multiplication between two elements 



in Z™ x B, 



(2.29) 



is defined as follows: 



(tr 



01 



bn 



(J 



ai+b a (l) 



a n +b a {n) 



t; 



GT 
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b 11 b 12 b 13 b 21 b 22 b 23 






a i2 + b 11 - u a 22 + D 21 

3 11 +b 13 3l 3+ b 12 21 b 23 a 23 + b 22 





Figure 7. Multiplication of p-adic framed braids in Toa,n 

where a, = (a r j) r and 6j = (b r i) r . This corresponds geometrically to concate- 
nating the two braids a and r with p-adic framings (ai , . . . , o n ) and ( foi , . . . , b n ) 

respectively, and collecting the total p-adic framings to the top. The result- 
ing braid will then have the p-adic framings (oi + 6 CT (i), . . . ,a n + b a ( n )), where 

CM + b a (i) = (a r i + b ra (i)) ri according to ()2.10|) . See Figure 8. 





Figure 8. Multiplication of p-adic framed braids in Z™ xi B n 

In the sequel we will not distinguish between Z™ x B n and J-'oo^, so the 
expression (J2.28J) and its corresponding geometric interpretation is what we 
will have in mind from now on. In this context, if b G Z™ xi B n , such that 
all framings of b are constant sequences (ki), . . . ,(k n ) G Z" for (hi G Z), 
then 6 G Z n x 5 n and it is a classical framed braid with framings k\,...,k n . 
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Of course, a classical braid in B n is meant as a p-adic framed braid with all 
framings 0. 



2.6. Approximations. By Theorem 1, any element w = (t^i t* 
in Toa n can be approximated as follows: 



t't\ 



o- 



^2.30) 



w 



lim(w fc ) 



where Wk is the constant sequence (t^f t^ • • 'tffifi ' <T )r e ^~oo,n- The product 
of two elements is approximated according to (J2.30J1 and (J2.24J1 . 

Further, the fact that T n is dense in Z™ xi B n = J-'oo,^ means that any p-adic 
framed braid can be approximated by a sequence of classical framed braids. 



More precisely, let (3 
by (I2~2"T1) . we have: 

(2.31) 



t^tj" ■ ■ • t£" ■ cr G Z™ x £> n , where a. 



/? = lim(& 



Then, 



where fa = t^t^* 2 ' ' ' t^ n -cr € .F n , and where a^ = (a^, a^, . . .), the constant 
sequence in Z C Z p . For example, the p-adic braid t<^, for a = (ai,a 2 , . . .), 

can be approximated as shown in Figure 9, where a^ = (ofe, a^, . . .) G Z C Z p . 
See Figure 10 for a generic example. Of course, the product of two p-adic 
framed braids is approximated accordingly, by (|2.3H) and ()2.22|) . 



lim 

k 



Figure 9. The approximation of an one-strand p-adic framed braid 



a 1 a 2 a 3 




a k1 a k2 a k3 


VI 


/ 


' \) I 


C v = 


= lim 
k 


rv 


n 


I 


. A 



a ki = < a ki ' a ki 



Figure 10. The approximation of a p-adic framed braid 
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3. Quotient algebras from p-adic framed braids 

In this section we define the main algebra studied in the paper. This algebra 
arises as the inverse limit of an inverse system of so-called Yokonuma-Hecke 
algebras. In the sequel we fix an element u in C\{0} and we shall denote C[G] 
(or simply CG) the group algebra of a group G. 

3.1. Let H = (h) be a finite cyclic group of order d. As in ()2.12|) we define 
the element hi in H n :— H x • • • x H (n copies) as the element having h on 
the ith component and 1 elsewhere. So, for any element (h ai , . . . , h a ") e H n 
we have 

{h a \...,h an ) = hi 1 ■ ■ ■ h a n n . 
For any i, j with i ^ j, we define the subgroups H^j of H n as follows: 

(3.1) H t)j := (hihj 1 ). 

Clearly, H^j is isomorphic to the group H. In C[iJ n ] = CH n we define the 
following elements: 

e d,i,j ■= k Yl x G CRn 



or, equivalently: 



d 



**.* = \ E h ? h r- 



l<m<d 

Lemma 4. For any i,j with i ^ j the elements e d ,i,j are idempotents. 

Proof. It is enough to observe that e^ij is the average on the elements of the 
group Hij. Indeed, 

( e <*«) 2 = ^E^E i = ^E E^ = ^E x ' = 






D 



Remark 4. Notice that H it j = Hj ti . In the case j = i + 1 we denote H i)i+ i by 
Hi and e d;i;i+1 by e d)i . 

3.2. Consider now the modular framed braid group T d ^ n (Definition QJ). The 
C-algebra CH n is a subalgebra of the group algebra CJ-" d , n and the elements 
&d,i,j are still idempotents in CjF rfn . The main commutation relations among 
them and the elementary braids <Tj are given in the proposition below. 

Proposition 5. For any i,j G {1, . . . ,n— 1} we have: 

(1) of l e d)j = e d)j af l , for allj^i-l,i + l 

(2) af l e dd = e^ijaf 1 , for \i - j\ = 1 

( 3 ) e djof X = &t le d,i,j, for \i-j\ = l 

(4) Hi K--- h£ = e d , h? ■ ■ ■ ht\ l {hT +1 Kli) K£ ■ ■ ■ K n - 
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Proof. (1) If j ^ i,i ± 1, the claim follows from the fact that o~i commutes 
with hj. Let now that j = i. We have c^e^i = o~id~ l Y^ s M^T+i- Note now that 



Oit^i = -j(Y" y K+lK S ) a i = e d,i°~i- 



d 

s 

(2) Let j = 2 + 1. We have that o~ih s i+x hJ+ 2 = h^aih^ = h^f~^ 2 ai. So, we 
deduce: aiCd,i+i = d~ l J2 s Mhi+2 a i- Claim (3) follows in the same way as (2). 
(4) Setting c := h" 1 ■ ■ ■ h% n we have: 

Mh^c = hT---ht- 1 i hr +s h^r s ht + 2---K n 

h ai . . . h ai ~ 1 /,( S + a » _a * + l) + a ! + l l,-( s + a i- a i + l)+ a i l, a i + 2 _ _ _ LO„ 
_1_ % 1_ Z Z — r - _L t~ \~ ^ '** 

-L Z _L Z Z % ~\~ X Z "I - _L % ~~ p ^ / 1 

= (/if +ai ~ ai+l) / i ^ +ai " ai+l) )^ 1 • • • hfiK^h^h^ ■■■hl n . 



Therefore, 



e d,ic = 2 Yl h i h i+i c 

Q<s<d-l 



_ \ ^ 7 (s+aj-ai+i), — (s+aj-aj+i) 



a 



Remark 5. The elements /i, correspond to the elementary framings fi in the 
additive notation of subsection 2.1 and, for d = p r , to the elements t r ^ defined 
in (EH) . 

3.3. The Yokonuma-Hecke (Y-H) algebras were introduced by T. Yokonuma 
[Tlj in the context of Chevalley groups, as generalizations of the Iwahori-Hecke 
algebras. More precisely, the Iwahori-Hecke algebra associated to a finite 
Chevalley group G is the centralizer algebra associated to the permutation 
representation of G with respect to a Borel subgroup of G. The Y-H algebra 
is the centralizer algebra associated to the permutation representation of G 
with respect to a unipotent subgroup of G. So, the Y-H algebra can be also 
regarded as a particular case of a unipotent algebra. See [TT] for the general 
definition of unipotent algebras. 

We define the Yokonuma-Hecke algebra of type A, Y^ n (-u), as the quotient of 
the group algebra of the modular framed braid group T& n under the quadratic 



24 J. JUYUMAYA AND S. LAMBROPOULOU 

relations: 

(3.2) gf = 1 + (u - 1) e dji (1 - 9l ) (i = 1, . . . , n - 1). 

More precisely, Y dn (w) is defined as follows: 



Ywjw) 



(of - 1 - {u - l)e d ,i{l -en), i = 1, • • • , n - 1)' 

Corresponding now <X; G CF dn to & G Y djTl (u) and /, G J^,„ to ^ G Y d)n (u), 
we obtain from the above and from Proposition |21 a reduced presentation of 
Yd,n(w), by setting: 

(3.3) hi = gf-gihgi 1 ••■g~ x - 

Then a reduced presentation of Y djn (u) is given in the theorem below. 

Theorem 2. The algebra Y djn (u) can 6e presented with the generators hi, g±, 
. . . , g n -i and the following relations: 

(1) Braid relations among the gi 's 

(2) h x gi = gM, fori>2 

(3) h-xgxhxg^ 1 = gihg^hi 

(4) hf = 1 

(5) 9i(gi-i ■ ■ ■ gihigi 1 ■ ■ ■ g^JgT 1 = g^igt-i • • ■ gifogi 1 ■ ■ ■ 9^1)9% 

(6) g? = l + (tt-l)^(l- ft ), 

(i = 1 n— 1). 



In this above notation, we may rewrite the elements e<y G Y^ n (w) as: 
1 



e *> i= l J2 (9i-i---9i 1 h?gi---g i -i)(gi---gih 1 m g l 1 ---g i 1 ) 



Km<d 



Remark 6. The Y-H algebra Y diTl (u) can be also thought of as a w-deformation 
of the group algebra C[H I S n ] in the following sense: The algebra C[H I S n ] = 
C[H n x S n ] contains CH n as a subalgebra, so the elements e d ,i are also in 
C[H I S n ]. We correspond now the generator Si G C[H I S n ] to the generator 
gi £ Y d ,n{u), the generator hi G C[H I S n ] to the generator hi G Y^ n (w) and 
e^j G C[H I S n ] to e^j G Y d) „(tt) (we keep the same notation). Then, the 
canonical presentation of C[H I S n ] gives rise to a presentation of Y d;n (u) (the 
same as in Theorem |2j) by imposing the quadratic relations in (|3.2|) instead of 
the relations sf — 1. 

Remark 7. The fact that the element e dy i is an idempotent makes it possible 
to define in Y d>n (u) the inverse of g^ Indeed, multiplying relation ()3.2|) by 
gi gives gf = g { + (u - 1) e^gi - {u - l)e d)i gf. Replacing now gf by its 
expression (|3.2|) and using the fact that e dt i is an idempotent, we obtain that 
gf = g% — {u 2 — u)e d} i + {u 2 — u)e d ^gi. Using again ()3.2|) we substitute e d ^gi 
by (u — 1) _1 (1 + (u — l)e<2,j — gf), so we have gf = u + g^ — ugf. Multiplying 
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the latter by g i l we deduce g i = u l (gf +ugi — 1) and, using again ()3.2|) . we 
finally obtain: 



(3.4) 



9i i = 9i- (« 1 ~ 1) e d ,i + (w * - 1) e«y g t 



3.4. In this part we give a diagrammatic interpretation of the elements e^i 
and of the quadratic relations in Yd iV ,(u). The elements e^i seen as elements of 
C.F(2,n can be interpreted geometrically as the average of the sum of d identity 
framed braids with framings as shown in Figure 11. 



s d-s 



1 



^"Ho.td-i 



""~ — i+1 st strand 
i th strand 



Figure 11. The elements e d>i 

Similarly, the quadratic relations gf = 1 + (u — 1) e^i ■ 1 — (u — l)e^igi 
can be also considered as relations in CjF dn . In Figure 12 we illustrate the 
relation for g\ in CjF rf3 . Note that the effect of e^j on the identity element 
or on gi is to produce d copies and frame appropriately the ith and (i + l)st 
strand. Similar is the effect of ed t i on any braid. In Figure 13 we illustrate the 
quadratic relation in a compact form. Finally, in Figure 14 we illustrate the 
equation for erf 1 in CjF d3 . 
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Figure 12. Geometric interpretation of g\ 
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Figure 13. gf = 1 + (u - 1) e d)i (1 - g % 
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Figure 14. Geometric interpretation of g x 1 

Remark 8. Note the resemblance of this relation to the skein relations used for 
defining classical quantum link invariants. For d — 1 the relation becomes the 
skein relation of the 2- variable Jones polynomial (HOMFLYPT), that arises 
from the quadratic relation of the Hecke algebra of type A, see j^j. In fact, 
Yi in (w) coincides with the Hecke algebra of type A. 

3.5. The p-adic Yokonuma-Hecke algebra. We shall now explain our construc- 
tion of the p-adic Yokonuma-Hecke algebra Yqo^w). The C-algebra Yoo^u) 
will be defined as the inverse limit of an inverse system of the Y-H algebras 
Y p r )n (-u), r G N, wherer p is a fixed prime number. On this family of Y-H 
algebras we consider epimorphisms 

<p r B : Y p r jn (u) — ► Y pSjn (u) (r > s), 

induced from the group homomorphisms ir r s ■ id defined in f|2.15|) . More pre- 
cisely, extending n r s ■ id linearly, yields a natural algebra epimorphism 



:CF„ 






p' ,n M -'« / p",n 

It is a routine to check the following lemma. 



(r > s) 



Lemma 5. (CjF p r jn , <p r s ) is an inverse system of rings, indexed by N. 

Note that the natural embedding i r : JF p r n ^^ CjF p r n induces a natural 
embedding liuu r : Too,n "—* limCjF p r n . So, up to identifications, we have the 
inclusions: 

*^~ n _ *^~ oo,n _ mil v^sj~pr^ n 
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Recall now that ti := (t, 1, . . . , 1) and Oi := (<Tj, <7j, . . .) in limCjF p r n , we have 
the following result: 

Proposition 6. The set X = {t 1; <7i, . . . , cr n _i} is a set of topological gener- 
ators of the algebra limCjF p r n . In particular, the subalgebra CF n is dense in 
limCjF p r n . 

Proof. By Proposition CJ the set X is a set of generators for the group jF n , 
hence X spans the algebra CF n . Now, the mapping o~i \— > o~i, ti \— > t r> i defines 
an epimorphism r\ r : <CF n — > CjF p r n , for any r G N. Notice now that r] r is 
surjective and that we have the following commutative diagram: 



► CF n ► \imCJ r p r n 


Vr 


ir 




CF P 




r ,n 



where £ r is the natural projection. Then the proof follows from Corollary^] □ 

Recall now the subgroups Hij defined in (1.3.1 J) . With the notations of Sec- 
tion 2 for H = C r we denote these subgroups by H T ,%,j and we have: 

Hence e p r ;i; j G CC™. Recalling also that Tpr >n = C™X-B n , we have the following. 

Proposition 7. For any i,j with i ^ j and for s < r, we have: 

(1) The homomorphism <p r s maps H r ^j onto H s ^j. 

(2) The kernel of the restriction of <p r s on H r ^j has order p r ~ s . 



(3) 4> r s {e p r,i,j) 



Cn s 



PVJ- 



Proof. Since <p r s {t r> it~^) = t s> it~j claim (1) follows. Claim (2) is clear by the 
fundamental theorem of homomorphisms for groups. Finally, claim (3) follows 
directly from claims (1) and (2). □ 

Defining now in C7y- n the elements: 

er,i ■= of - 1 - (u - l)e p r )i (l - (Ti) G CF p r in (i = 1, . . . , n - 1), 

and the ideal 

lp r ,n \yr,i i 1> 1, . . . , 71 1/ . 

We have that 

i-p r ,nyu) — —; • 

*p T ,n 

Using (3) of Proposition [7| we obtain the following lemma. 



Lemma 6. For all i and for s <r, we have: <p r s (I p r n ) = I, j 



p",n- 
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According to Lemma El we obtain the following commutative diagram of 
rings: 

<h r 

CJ 7 r > C T s 



Pr 



Ps 



Y p r )n (w) > Y pSin (w) 



where p r and p s are the canonical epimorphisms and tp r a is defined via <j) r s as: 

ip r s (x + I p r jn ) := 4> r s (x) + I p s tn . 

Recall that Ker(p r ) = I v r n . Thus, the inverse system (CjF p r n ,0^) induces the 
inverse system 

(Y p r tn (u),(p r s ), 
indexed by N. 

Definition 4. The p-adic Yokonuma-Hecke algebra Y oon (u) is defined as the 
inverse limit of this last inverse system. 

Yoo,ni u ) '■= lnn y p r ,n( M )- 
The algebra Yoo,n( u ) is equipped with canonical epimorphisms: 



1 — r • I oo,nV'*/ J-p r ,n^"J; 



such that <p^ o 5, 



3.6. We shall now try to understand better the structure of Y oon (u). By 
Lemma EH the restriction of 4> r s to I p r^ n yields the inverse system (I p r >n7 <fi r s ) . 
Furthermore, for any r we have the following exact sequence: 

> I p r <n > C7y- )Tl > Y p r tU (u) > 

Then, by (|1.2|) . we obtain the exact sequence: 

> Umij<- ]fl — — > HmCfj, f|n — — > Y^^u) 

where t := liuu r and p := limp, r . Hence, and since Hm I p r n is an ideal in 

p( lim C7v, n ). 



limCjF p r n , we have 



limC7y- jn 
lim /p^ n 



At this writing it is not clear whether the map p is a surjection or not. Yet, 
we have the following result. 

Proposition 8. p(lim CJ- p r jn ) is dense inYoo^u). 
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Proof. The proof is again an application of Corollary ^ Indeed, define the 
map 9 : p(x) i— > (p r o^ r )(x), for x = (x r ) G limCjF p r n . Clearly is a surjective 
map. Also, we have: (p r o £ r )(x) = p r (£ r (x)) = p r (x r ) = x r + I p r n = E r ((x r + 
Ip r ,n)rm) — S r (p r (x r )) = (H r o\imp r )(x). Hence the proposition follows. D 

Proposition |H1 tells us that, although Y oon (u) may not arise as a quotient of 
limCjF p r n , yet it does contain a dense quotient. This means that, if we find a 
set of topological generators for p(lim CjF p r n ) we will have a set of topological 
generators for Y^^ti). In order to do that, we define first certain idempotents 
ey in limCFpr n that play analogous role to the idempontent e^y. According 
to (3) in Proposition we can define the following elements: 

(3.5) e itj := (e p>itj , e^y, . . .) G limCC™ C hmC7y >t 

where i,j G {1, ... n — 1} and % ^ j. For j = i + 1 we shall denote: 

Notice that ey = e^, According to Remark 5, e p r^j is also an element in 
Y p r in (w). So (J3.5J) defines an element in Y^^m) (with same notation) and we 
have from the diagram below: 

limCCy ► limCJ-pr n ► Yoo,n(u) 

CG" > CF p r n -^-> Y p , n (u) 



(E r o p)(ey) = (p r o £ r )(ey) = epr (4)i , (for all r). 

Lemma 7. For any i,j with i ^ j , the elements ey G limCjF p r n are idempo- 
tents. 

Proof. The multiplication in lim CjF p r n is defined componentwise, so the proof 
follows directly from Lemma |3J □ 

Lemma 8. In limCjF p r n; we have: 

o~1 = 1 + (u — l)ej(l — ai) mod (lim J p r n ). 

Proof. We must prove that of — (1 + (u — l)e.j(l — Oj)) G lim/ p r n . Recall 
that o, is the constant sequence (oj, a,, . . .), hence a 2 is the constant sequence 
(a 2 , a 2 , . . .). Also, the rth component of the element 1 + (u — l)e;(l — o~i) G 
limCjF p r n is 1 + (u — l)e p r ti {l — o,) G CjF p r n . Therefore, the element o 2 — 
(1 + (u — l)ej(l — Oj)) is the sequence (ei >r , e 2 , r , . . .), and e i<r G I p r n . Hence the 
lemma follows. □ 
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Proposition 9. Setting e* := of — 1 — (u — l)ej + (w — l)ej<7j G limCjF p r n; we 
/iave: 

lim/ p r )n = (e*; i = 1, . . . ,n- 1). 

Proof. Recall that 6j = (e r ,i)reN> Now, for any i and for any x = (x r ), y = 
(y r ) G limCjF p r n we have that xe^y = (x r e r>i y r ). Furthermore <ff s (x r e rji y r ) = 
4> r s (x r )e s ^(f) r s (y r ) G Ips tn . Thus, xeiy belongs to lim I p r n for all i. Hence, the ideal 
generated by the e$'s is contained in lim I p r n . Let now w = (uv)reN G lim/ p r n . 
Then w r = J2iVr,i e r,iZ r ,i, where y r ^ z r j G CJ- p r >n . Thus, we can write: 

W = y^Xyr,i)r{er,i)r{z r ,i)r G lim I p r %n . 
i 

As (y r ,i)r, (z r ,i)r G limCjF p r n we obtain w G (e* ; % — 1, . . . ,n — 1). □ 

Recall that, according to our inverse system, the element <7j G £>„ cor- 
responds to the constant sequence (gi,gi,...) in Y 00i „(-u). We denote this 
sequence by gi. Similarly, the braid a^ 1 G B n corresponds to the constant 
sequence (g^~ ,g~ l , . . .) in Y 00)n (u) and it shall be denoted by g~ . Thus, in 
p(limCjF p r n ) C Yoo n (M) the following quadratic relations holds: 

9i = 1 + (« - l)ei(l - flfi) (i = 1, ■ ■ ■ , n - 1). 

We define now t* := p(t«) and e^ := p(ej). Then, from Theorem El and Propo- 
sition |Hl we deduce the following theorem. 

Theorem 3. {1, ti,gi, . . . , g n -i} is a set of topological generators of Y oon (M). 
Moreover, these elements satisfy the following relations: 

(1) Braid relations among the gi's 

(2) t x gi =9itx, fori>2 

(3) tigitigi x = g-iti^Hi 

(4) gi9i-\ ■ ■ ■ ^it^r 1 ■ ■ ■ gi\)gi l = & rl (ft-i ■ ■ • gitig^ 1 ■ ■ ■ C-\)& 

(5) gf = 1 + (u - 1)6,(1 - 9i ), (i = 1, . . . ,n - 1). 

Moreover, as in Proposition 03 we can prove analogous commutation rela- 
tions for ej. More precisely: 

Proposition 10. In Y 00)n ('u) we have : 

(!) & ±le i = e j9t l , forj^i-l,i + l 

( 2 ) fl^S = e ij9t l , for \i-j\ = l 

( 3 ) ej^ 1 = 9t l £ij, for\i-j\ = l. 

Proof. The proofs follow directly from Lemma U\ and Proposition E3 □ 

Remark 9. It is worth observing that Y 0O)n (w) can be regarded as a topological 
deformation of a quotient of the group algebra CJ-" n , see Theorem El Roughly, 
the algebra Y 0Ojn (w) can be described in terms of topological generators, in the 
sense of Definition ^ and the same relations as the algebra Y^ n (-u) but where 
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the relations hf = 1 do not hold. Consequently, Yoo,n(u) has a set a toplogical 
generators, which look like the canonical generators of the framed braid group 
T n (recall Proposition [1}, but with the addition of the quadratic relation. 

4. Topological Markov traces 

In jl] the first author constructed linear Markov traces on the Y-H algebras. 
The aim of this section is to extend these traces to a Markov trace on the 
algebra Y^Ju). 

4.1. The natural inclusions of the framed braid groups: Ti C JF i+1 induce 
natural inclusions of the modular framed braid groups: JF fci c J-fc^+i, which 
in turn induce the tower of algebras: 

Y* )0 (u) := C C Y fcl i(«) c Y fc , 2 (u) c . . . 
We then have the following. 

Theorem 4 (cf. Theorem 12 in jl|). For indeterminates z, X\, ... , x^-i there 
exists a unique linear Markov trace 

tr : Y k>n+1 (u) — ►C[z,a:i,...,a;jfe_i] 

defined inductively by the following rules: 

tr(ofo) = tr(foa) 

tr(l) = 1 

tr(ag n b) = ztr(ab) 

tr(ah™ +1 b) = x m ti(ab) (m — 1, . . . , k — 1), 

where a,b G Y r<n (u). 

4.2. The p-adic Markov trace. Let X r = {z, x±, X2, ■ ■ ■ , x p r_i} be a set of inde- 
terminates. For r > s we define the 'connecting' ring epimorphism: 

S r s : C[X r ] — > C[X a ] 

as the composition 

cpc,]— .ffi.-cpc.], 

where X r s is the ideal of C[X r ] generated by the polynomials: 

Xi — Xj for i = j mod(p s ) 
Xi — 1 for i = mod(p s ), 

for any i,j G {1, . . . ,p r — 1}. More precisely, the map 51 acts on the indeter- 
minates as follows: 

{Xi, fori = 1, . . . ,p s — 1 
1, for i = (modp s ) 
Xj, forz = j (modp s ). 

It is then a routine to prove the following lemma. 
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Lemma 9. The family (C[X r ],Sl; r G N) is an inverse system of polynomial 
rings. 



Now let r r = tr, the trace on the Y-H algebra Y p r >n (u), as defined in The- 
orem |U above, taking values in C[X r ]. Then, r r (g n ) = z and r r (h™) = x m , 
where m = 1, . . . ,p r — 1. We then obtain the following commutative diagram: 



Tr 



AT 



C[X r ] — B -+ C[X S ] 

It follows that the family E = {r r } r& ^ of homomorphisms of inverse systems, 

E:(Y p ,, n ( M ),<) — (C[X r ],^) 

yielding a unique ring homomorphism limr r . Thus, we have the following 
theorem. 

Theorem 5. There exists a unique p-adic linear Markov trace defined as 



r : = lim r r : Y^ 


n+i(«) — ► lim 


Furthermore 




r(ab) 


= r(6a) 


r(l) 


= 1 


T(ag n b) 


= (z) r r(ab) 


r(aC +1 fo) 


= (x m ) r r(ab) 


for any a,b G Y 00jra (M) and meZ. 





Proof. By construction, the trace r satisfies all the properties in the statement. 

□ 

4.3. In this subsection we shall give some computations of the trace r. For a 
p-adic integer a — (oi, a 2 , • • •) 7^ 0, we shall denote 

Xa_ = (x ai ,x a2 ,...) G limC[X r ]. 

We call x a a p-adic indeterminate. In the case a = (k, k, . . .) E Z C Z p , we 
denote 2 a by x^ and we say that Xk is a constant indeterminate. Finally, we 
set z := (z, z, . . .) and we also make the convention xq := 1. 

• For t G Y oo1 (m) we have: 

r(t) = limr r (t) = (n(ti), r 2 (t 2 ), . . .) = (x x ,Xi,...) = »i. 

• We shall now compute the trace of an element w = t ° 6 Z p . We can write 
w &sw = (tf 1 , *?,...)■ Then: 

r(t^) = (rx(C), r 2 (^ 2 ), . . .) = (x ai , x a2 , ...)=x a . 
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Further, since t<^ = rinifct 0fc , we have the following aproximation: 



r(t^) = limr(t afc ) = limx afe . 

k k 



For rrii € Z we have: 



r(tr---tr) = r(tD---r(C")=x mi ---x m „. 
In general, let w = tpt|" • • -t£~, where Oj = (a r j) r - Then we have: 



ai a2 


In 


, ai x 


. On x 




r(tftj- • 


' ' In J = 


= r(tr)- 


■•r(tr) = 


•^01 



T(WJ = T(_ti tg • • • tn ) = T{t 1 )■■■ T{tn i ■>',, , .)',, 

Indeed, w = (ij£ 1^ ■ ■ ■ t a r ™) r e Y^^u). Hence: 

r(w) = (r 1 (t^---t^)M^i---t a ^l...) 

I r f • • • r f T ... r f \ 

^*on • L -a ln T^a 2 i Jj a,2ni---) 

[ x an j x a 2 i i •■■)'' ' \ x a ln , %a 2n i ■ ■ ■) 
X ai • • ■ X an 

a\ a n 

= r(tr)---r(tr). 
Further, for r(w) we also have the approximation: 

r tftr • • • tr) = limr^ 1 ■ • • C») = Km a;« kl ■ • • x a J . 

k k 

In order to compute the trace of gf , we first compute the trace at the level of 
the classical Y-K algebras. Indeed, recall that gf = l + (u— l)e p rj— (u— l)e p r ti g im 

• We shall first compute T r {e. p r^g^) and T r (e p r ti ). Indeed, we have: 



T r [€pi 



p r -l 
]f 



\ r Y, T ^9 l t;T) (from dn ^ 

m=0 
p r -l 

~ / , ZT r\^r,i' : 'r,i ) = Z - 



V 

* m=0 



Thus 

Moreover, 




Then, for T r (gf) we have: 
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r r (gf) = 1 + (u - l)T r (e p r ti ) - (u - l)r r (e p r ^i) 

t 

1 pr ~ l 
T r {g1) = l-(u-l)z + {u-l)—y^x m x_ m . 

p r ^-^ 

In order to compute now the trace of gf = (gf,gf, ■ ■ ■) G Y^^, we need to 
compute first r(ej) and T^igi). 



We have e, = (e p r :i ) r , so: 



p-i p 2 -i 



m=0 

Also, a direct computation gives: 



m=0 m=0 



• Recall that 

gf = 1 + (it - l)e, - (w - l)e^ 

From the above, we obtain for r(gf): 

T(g*) = l-(u-l)z + (u-l)(±J^ 

where 1 := (1, 1, . . .). 

• Finally, we shall give approximations for r(ei) and r(gf). Let us define 

\ "* ira i—m j_ \ "* ±.m±.—m 

Zr ' k ^ ■— p k Z^ l r,i l r,i+l — k Z^ X i i + 1 
m=0 ra=0 

Notice that z r ^ r ^ = e p r yi . Considering now the sequence (z rj k,i)k of constant 
sequences, we have: 

e; = lim z rki . 

k 

Further, 

P k -i P k ~i 

r(z rAl ) = — J2 r ( t rtr+i) = ~k J2 XmX - m e ^cp^]- 



Therefore 



m=0 m=0 



p — 1 

rfa) = lim — V] rc m x_ m 

^ m=0 
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A direct computation also gives: 

r(eift) = r ( lim (z rAi gi) k ) = lim(z) fc = z. 

\ k / k 

So, we obtain 

r(gf) = 1 - (u - \)z + (u-l) lim (r(z r ,k,i)) ■ 

k 

Remark 10. As already noted in the Introduction, in a sequel paper we 
combine the p-adic trace r of Theorem as well as the Markov traces of 
Theorem El with the Markov equivalence for p-adic framed braids to construct 
invariants of oriented p-adic framed links. We hope that this new concept of 
p-adic framed braids and p-adic framed links that we propose, as well as our 
p-adic framing invariant, will be useful for constructing 3-manifold invariants 
using the theory of braids and the Markov-type equivalence given in jB] . 
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